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Abstract. Given a smooth, proper, geometrically integral curve X of genus g with Jaco-
bian J over a number field K, Chabauty’s method is a p-adic technique to bound #X(K)
when rank J(K) < g. We study limitations of a variant called ‘Restriction of Scalars
Chabauty’ (RoS Chabauty). RoS Chabauty typically bounds #X(K) when rank J(K) ≤
[K : Q](g − 1), but fails in the presence of a subgroup obstruction, a high-rank subgroup
scheme of ResK/QJ which intersects the image of ResK/QX in higher-than-expected dimen-
sion. We define BCP obstructions, which are certain subgroup obstructions arising from the
geometry of X. BCP obstructions explain all known examples where RoS Chabauty fails
to bound #X(K). We also extend RoS Chabauty to compute S-integral points on affine
curves.

Suppose K does not contain a CM-subfield. We present a p-adic algorithm which con-
jecturally computes solutions to the S-unit equation x + y = 1 for x, y ∈ O×

K,S by using
RoS Chabauty to compute S-integral points on certain genus 0 affine curves. As evidence
the algorithm succeeds, we prove that all but one of these curves have no subgroup obstruc-
tions and that the remaining curve has no BCP obstructions to RoS Chabauty. In contrast,
under a generalized Leopoldt conjecture, we prove that analogous methods using classical
Chabauty cannot bound solutions to the S-unit equation when [K : Q] ≥ 3 and K is not
totally real.

1. Introduction

1.1. Background. Let X be a smooth, proper, geometrically irreducible curve of genus ≥ 2
over a number field K.1 By Faltings’ Theorem, X(K) is finite [Fal83]. The known proofs do
not give a strategy to compute X(K). Let p be a prime of K and let j : X → J be a finite
map from X to its Jacobian. Under the additional assumption

rank J(K) < dim J = genus(X) ,(1)

Chabauty’s method is a p-adic technique to produce an explicit finite subset X(Kp)1 ⊂
X(Kp) such that X(K) ⊂ X(Kp)1. When Kp

∼= Qp, the set X(Kp)1 is the intersection of
X(Kp) with the p-adic closure of J(K) inside of J(Kp). In general X(Kp)1 contains this
intersection. When (1) holds, the set X(Kp)1 is finite and one can frequently compute X(K)
exactly from X(Kp)1 using techniques like the Mordell-Weil sieve. Historically, Chabauty’s
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method was inspired by earlier work of Skolem, who computed S-integral points on affine
genus 0 curves by embedding them in well-chosen tori, which we recognize today as the
generalized Jacobians of these curves. In fact, it is possible to synthesize Chabauty’s insight
with Skolem’s original ideal. Given a finite set S of primes of K, Chabauty’s method can be
modified to compute the S-integral points on a (suitable) model of an affine curve X under
a similar rank versus dimension hypothesis for the generalized Jacobian of X. To extend
Chabauty’s method to this case, we develop technical tools to deal with integral points on
locally of finite type Néron models of generalized Jacobians. We explain this in more detail
in Sections 2.1 and 2.2.

Several strategies have been proposed to augment Chabauty’s method to compute X(K)
when dim J ≤ rank J(K). In this article, we focus on Restriction of Scalars Chabauty (RoS
Chabauty) and descent. We follow two main directions. Our first aim is to develop a frame-
work for understanding obstructions that prevent RoS Chabauty from proving finiteness of
rational/S-integral points on curves in particular examples. Our second aim is to apply
RoS Chabauty and descent towards the study (by elementary p-adic methods) of S-integral
points on P1

OK,S r {0, 1,∞}, or equivalently the set EK,S := {(x, y) ∈ (O×K,S)2 : x + y = 1}
of solutions to the S-unit equation. The application of RoS Chabauty to S-unit equations
has already inspired new results on unit equations in [Tri20], which proves that if S = ∅, the
degree [K : Q] is not a multiple of 3, and 3 splits completely in K, then EK,S = ∅. In other
words, the unit equation has no solutions in K.

1.2. Development of RoS Chabauty. One strategy for extending Chabauty’s method
beyond the bound (1) is to replace X and J with the restrictions of scalars ResK/QX and
ResK/Q J . This approach, which we call RoS Chabauty, first appeared in print in [Sik13],
which attributes the idea to [Wet00]. Let X(K⊗Qp)1 be the intersection of (ResK/QX)(Qp)
and the p-adic closure of (ResK/Q J)(Q) in (ResK/Q J)(Qp). An expected dimension calcula-
tion suggests that X(K ⊗Qp)1 is finite when

rank J(K) ≤ [K : Q] · (dim J − 1) .(2)

Since X(K) ⊂ X(K ⊗Qp)1, if X(K ⊗Qp)1 is finite, then X(K) is finite as well. However, if
there is a subgroup scheme T ⊂ ResK/Q J such that rankT (Q) is ‘large’ and T has a translate
which intersects ResK/QX in positive dimension, the set X(K⊗Qp)1 of points cut out by RoS
Chabauty is infinite even when (2) holds. Recent works of Dogra and Hast [Dog19, Has19]
make progress towards proving that this is the only reason why the set X(K ⊗ Qp)1 can
be infinite.2 So, to understand RoS Chabauty it is critical to understand the arithmetic of
subgroup schemes of ResK/Q J and the geometry of their intersection with ResK/QX.

1.2.1. Contributions of this article. Let S0 be a finite set of finite places of Q. Let S
be the set of places of K lying above S0. Let R = OK,S be the ring of S-integers and let R0

be the ring of S0-integers in Q.
In Section 2, we explain how to use RoS Chabauty to bound R-points on suitable3R-

models of affine curves and develop a framework for understanding obstructions that can
cause the set X(OK ⊗Zp)S,1 of points cut out by RoS Chabauty to be infinite.

2In fact, [Dog19] and [Has19] work in a much broader context combining ideas of RoS Chabauty with
Kim’s nonabelian Chabauty program.

3Here, ‘suitable’ means ‘equipped with a map to the connected component of the identity of the locally
of finite type Néron model of the generalized Jacobian of the generic fiber.
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Let X/R be a regular model of a not-necessarily proper curve over K, and let J be its
generalized Jacobian. We have already see that X(OK ⊗Zp)S,1 will be infinite if there is a
translate x · T of a subgroup of T ⊂ ResR/R0 J such that T (R0) has large rank relative to
dimT and dim((x · T ) ∩ j(ResR/R0 X) is large. (See Definition 3.1 for a precise definition.)

The existence of more general obstructions forcing #X(OK ⊗Zp)S,1 = ∞ has not been
disproved outside of special cases. However, by [Dog19, Corollary 2.2], such obstructions
would require the existence of (translates of) subgroup schemes Tp of (ResR/R0 J)Zp which
do not come from a subgroup scheme over Z and which intersect both j(ResR/R0 X)(Zp) and
ResR/R0 J(Qp) in relatively large dimension compared to Tp. (Roughly, [Dog19, Corollary 2.2]
applies Ax-Schanuel to show that there are no ‘unlikely intersections’ so that the Tp must be
subgroup schemes rather than analytic subgroups.) Our point of view is that even if some
such obstructions exist by coincidence for some prime p, it seems very unlikely that such
obstructions would exist for most/all primes p simultaneously in the absence of a subgroup
obstruction.

In fact, in all examples in the literature with #X(OK ⊗Zp)S,1 = ∞, there is a subgroup
obstruction where the subgroup scheme T ⊂ ResR/R0 J has a very special structure which
is explained by the geometry of the curve X. To develop our framework for understanding
obstructions to RoS Chabauty, we define the class of BCP4subgroup schemes of ResK/Q J ,
where J is the generalized Jacobian of X, which attempt to capture this structure. BCP
subgroups are built out of restrictions of scalars of generalized Jacobians of curves which ad-
mit a non-constant map from X after a suitable base change and generalized Prym varieties
of morphisms between such curves. By construction, nontrivial BCP subgroups always inter-
sect ResK/QX in larger-than-expected dimension. This makes them candidates to obstruct
RoS Chabauty. A BCP subgroup T is a BCP obstruction if T is also a subgroup obstruction.
We give the precise definitions in Section 3. Although we present these definitions in the
setting where J is the generalized Jacobian of an R-model of an affine genus 0 curve, they
generalize immediately to the higher genus and/or proper case.

The class of BCP obstructions is broad enough to include all known examples where the
set X(OK ⊗Zp)S,1 cut out by RoS Chabauty is not finite. This includes examples where
(2) does not hold, examples in Section 2 of [Sik13] where X is the base change of a curve
for which (2) does not hold, and the more involved example in Section 2.2 of [Dog19].
BCP obstructions are also amenable to study. For any K not containing a CM-subfield,
Theorem 3.8 can be used to produce infinitely many curves X/R such that ResR/R0 J has
many large rank subgroups, but such that X has no BCP obstruction to RoS Chabauty.
Theorem 3.9 goes further and shows that twists of closely related curves have no subgroup
obstructions to RoS Chabauty. The difference between the two cases is that in the setup
of Theorem 3.9, the Jacobian splits over a nonabelian extension of K, while in the setup of
Theorem 3.8, the generalized Jacobian splits over an abelian extension of K. The nonabelian
Galois group places strong constraints on the interaction between the arithmetic of subtori
of the generalized Jacobian. We note that this seems to use nonabelian structure in a slightly
different way than nonabelian Chabauty does. In Section 1.3, we discuss an application of
these twist families to computing solutions to the S-unit equation in K.

Our definition of BCP obstructions raises the following natural question.

Question 1.1. Is there a curve X/K such that RoS Chabauty cannot prove X(K) is finite,
but there is no BCP obstruction to RoS Chabauty for X?

4BC stands for base change and P stands for Prym variety
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See also Remark 2.2. of [Dog19] for a similar question. An affirmative answer to Ques-
tion 1.1 would require a larger-than-expected intersection between ResK/QX and a translate
of a subgroup scheme T of (ResK/Q J)Qp , which also intersects the closure of the integral
points in large dimension.

A negative answer would give a finite criterion for the success of RoS Chabauty involving
only the arithmetic and geometry of X. We note that even if there are subgroup obstructions
which are not BCP obstructions, Question 1.1 may have a negative answer. For instance,
if ResR0/R J has a subgroup T ′ such that T (Z) has finite index in T ′(Zp) then the product
of T ′ with a BCP obstruction T will be a subgroup obstruction. The resulting subgroup
T · T ′ may be a BCP obstuction, but even if it is not, it is explained by the presence of the
BCP obstruction T . Since we focus on proving the non-existence of BCP obstructions and
subgroup obstructions, we have elected not to attempt to catalog ways in which subgroup
obstructions could be constructed by slight modifications of BCP obstructions.

1.3. Descent, Chabauty variants, and the S-unit equation. Descent, named for Fer-
mat’s infinite descent, is another strategy which can be used to push Chabauty’s method be-
yond the bound (1). Descent replaces the curve X/K with a collection of covers fi : Xi → X,
each defined overK, with the property thatX(K) =

⋃
i fi(Xi(K)). Since genus(X) ≥ 2, the

coversXi will have higher genus thanX by Riemann-Hurwitz.5 One hopes that (1) is satisfied
for all of the Xi so that Chabauty’s method can be used to compute each Xi(K). Covering
collections can be described explicitly. For instance, taking [n] to be the multiplication-by-
n map on J , a covering collection can be constructed as translates by representatives for
J(K)/nJ(K) of the pullback [n]∗X. One can also use descent to study S-integral points on
hyperbolic affine curves.

When K = Q, [Poo19] uses the versions of descent and Chabauty’s method for S-integral
points on genus 0 affine curves to give a new elementary p-adic proof that the set EQ,S of
solutions to the S-unit equation is finite. The argument produces a collection of punctured
genus 0 covers of P1

R0
r {0, 1,∞} such that the ranks of the S-integral points on their

generalized Jacobians can be bounded explicitly.

1.3.1. Contributions of this article. Section 4 studies limitations to the strategy of
[Poo19] for proving finiteness of solutions to the S-unit equation when [K : Q] ≥ 3 and K
is not totally real. Sections 5 and 6 provide evidence that RoS Chabauty may allow us to
overcome these limitations.

Suppose the following generalization of Leopoldt’s Conjecture holds.6

Conjecture 1.2 (Generalized Leopoldt over K). Let T be an irreducible torus over K and
let p be a prime of K which is large enough that the p-adic logarithm map

log : T → KdimT
p

is well-defined. Then,

dimKp SpanKp
log T (OK) = min(rankT (O×K), dimT ) .(3)

5In the analogous setup to compute integral points on affine curves, either the genus or number of punctures
will grow (or both).

6The usual Leopoldt conjecture (that the p-adic regulator of L does not vanish) is the K = Q case of
Conjecture 1.2, since rankT (Z) ≤ dimZ and every torus T/Q is a subtorus of some ResK/Q Gm,K .
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Let X/OK be a regular model of a punctured genus 0 curve and let J be its generalized

Jacobian. When Kp = Qp, Conjecture 1.2 says that the closure J(OK) in J(OKp) under the
p-adic topology is as large as possible given the rank. More generally, Conjecture 1.2 implies
that if X(OKp) 6= ∅ then the set X(OKp)∅,1 of p-adic points produced by Chabauty’s method
is finite if and only if there is some subtorus T ⊂ J such that rankT (OK) < dimT .

The main result of Section 4 is Theorem 4.2, shows that if [K : Q] ≥ 3 and K is not totally
real, then no such torus exists, and as a consequence X(OKp)∅,1 = X(OKp). In particular,
under the generalized Leopoldt conjecture, the strategy of [Poo19] to compute solutions to
the S-unit equation by computing S-integral points on genus 0 covers of P1 r {0, 1,∞}
will not produce a finite set of points. The main ingredient in the proof of Theorem 4.2 is
Lemma 4.1, which gives a lower bound on the rank of the OK-points of a torus.

Section 5 is devoted to proving our main results, Theorem 3.8 and Theorem 3.9.

Theorem 3.8. Let q be a prime number. Let K be a number field which does not contain a
CM subfield. Let S0 be a finite set of finite places of Q and let S be the set of places of K
lying above S0. Let R = OK,S be the ring of S-integers. For α ∈ R× which is a qth power in
R, set

mα,q := {x ∈ K : xq − 1 = 0, x 6= 1} ,
viewed as a divisor on P1

K. Let Γα,q be the closure of supp(mα,q) in P1
R. Set Xα,q := P1

RrΓα,q.
For q sufficiently large (depending on K and S, but not on α), there are no BCP obstruc-

tions to RoS Chabauty for Xα,q.

Theorem 3.9. Let q be a prime number. Let K be a number field. Let S0 be a finite set of
finite places of Q and let S be the set of places of K lying above S0. Let R = OK,S be the
ring of S-integers. For α ∈ R× which is not a qth power in R, set

mα,q := {x ∈ K : xq − α = 0} ,
viewed as a divisor on P1

K. Let Γα,q be the closure of supp(mα,q) in P1
R. Set Xα,q := P1

RrΓα,q.
For q sufficiently large (depending on K and S, but not on α), there are no subgroup

obstructions to RoS Chabauty for Xα,q.

For each sufficiently large q, Theorems 3.8 and 3.9 construct an explicit finite set of affine
genus 0 curves {Xα,q}α such that X1,q has no BCP obstructions to RoS Chabauty and Xα,q for
α 6= 1 has no subgroup obstructions to RoS Chabauty. The set {Xα,q}α becomes a covering
collection {X ′α,q}α for P1

R r {0, 1,∞} after removing ‘sections’ at 0 and ∞, as well as the
section at 1 if α = 1. Removing sections can only increase the number of R-points. Hence,
Theorems 3.8 and 3.9 suggest an elementary p-adic procedure (generalizing the strategy in
[Poo19]) which is likely to compute the set EK,S of solutions to the S-unit equation in K.

Algorithm 1.3 (Conjectured algorithm to compute EK,S).
Given: A number field K not containing a CM-subfield and a set S of places of K.
Compute: The set EK,S of solutions to the S-unit equation x+ y = 1 in O×K,S.
Algorithm: Using the notation and bounds from Theorems 3.8 and 3.9:

(1) Choose a suitable q and compute the curves Xα,q.
(2) Using RoS Chabauty and the Mordell-Weil sieve, compute each Xα,q(R).
(3) Compute X ′α,q(R) as a subset of Xα,q(R) by throwing out any sections which intersect

the removed sections.
(4) Compute (P1 r {0, 1,∞})(R) as the union of the images of the X ′α,q(R).
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The assumption in Theorem 3.8 that K does not contain a CM-subfield is essential. In
Remark 3.11, we show that if K has a CM-subfield, the curve X1,q has a BCP obstruction
for any choice of q. We expect that it is possible to overcome this obstacle to computing
solutions to the S-unit equation via descent and RoS Chabauty by iterating the descent. In
other words, we believe it should be possible to construct a genus 0 covering collection for
X1,q with no subgroup obstructions even if K contains a CM-subfield. We do not pursue
that line of study in this article.

The main ingredient in the proof of Theorem 3.8 is a bound on the ranks of BCP subtori
coming from a careful analysis of the possible positions in the complex plane of the images
of the qth roots of a fixed α ∈ R under an automorphism of P1

K . Controlling the number of
these images which lie on the real axis is particularly important. The restriction that K does
not contain a CM subfield arises because fields containing a CM-subfield are characterized
by the existence of an automorphism of P1

K which maps the complex unit circle to the real
axis in every embedding ι : K ↪→ C.

The main ingredient in the proof of Theorem 3.9 is an exact computation of the ranks of
the Z-points of subtori of ResO

K[ q
√

]α
/ZGmrResOK /ZGm. This formula comes from a careful

study of the action of Galois on character groups of subtori together with the classification
of irreducible representations of Z/qZoZ/2Z. In particular, we note that Theorem 3.9 does
not require any assumption on K.

1.4. Additional context on the S-unit equation. The set EK,S of solutions to the S-
unit equation is finite, due to [Sie21] in the case K = Q and [Lan60] for general K, although
this case is often attributed to Mahler from the 1930s. The problem of computing/bounding
solutions to the S-unit equation has remained of substantial interest because of a wide range
of applications in number theory and related fields. In arithmetic geometry, computing the
set EK,S is roughly equivalent to computing the set of elliptic curves with good reduction
outside a fixed set of primes. In dynamics, studying EK,S is closely related to studying
periodic points of odd order in arithmetic dynamical systems. S-unit equations are also
important in many other fields. See [EGST88] and [EG15] for a more thorough discussion
of these applications.

The best known general upper bound on #EK,S is 3 · 72#S+3r1+4r2 where r1 and r2 are the
number of real and complex embeddings respectively of K [Eve84]. The bound in [Eve84]
is not effective. (It does not give any upper bound on the height of elements of EK,S or any
other algorithm to compute EK,S.) The true upper bound on #EK,S is typically expected
to be subexponential in #S, r1, and r2.

More recent work, based on Baker’s theory of linear forms in logarithms, gives effective
bounds which can be used to compute EK,S. The current state of the art (from [Győ19])
gives a bound in terms of the number of real and complex embeddings, class number, and
regulator of K, as well as the third-largest norm of a prime ideal in S. These bounds are still
exponential in the parameters. An algorithm based on these ideas (and many computational
tools, including the LLL algorithm for lattice basis reduction) is now implemented in the
Sage computer algebra system [AKM+19]. This implementation can be used to compute
quickly compute EK,S, at least when [K : Q] and #S are not too large.

The author has also studied EK,∅ using a different approach based on RoS Chabauty in
[Tri20]. In that work, the strategy was to intersect ResOK /Z P1 r {0, 1,∞} with the p-adic
closure of well-chosen subgroups of (ResOK /ZG2

m)(OK). When 3 does not divide [K : Q]
and 3 splits completely in K, this intersection is empty. Taking an infinite union over sets
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cut out by subgroups, one can conclude (P1 r {0, 1,∞})(OK) = ∅ even though the set of
p-adic points cut out by RoS Chabauty is infinite. In contrast, the present work applies RoS
Chabauty in combination with descent to study EK,S and is not related to [Tri20] beyond
the fact that both use techniques building on RoS Chabauty, study EK,S and have their
roots in the author’s PhD thesis.

Recently, several authors have given new proofs of finiteness of the S-unit equation as a
proof-of-concept of strategies to prove an effective version of Faltings’ theorem. For instance,
the first proof of finiteness by Kim’s nonabelian Chabauty showed that EK,S is finite when
K = Q [Kim05]. The method has since been used to prove that X(Q) is finite whenever X of
genus ≥ 2 is a solvable cover of P1 [EH21]. These results have since been extended to general
number fields in [Dog19] and simultaneously, under Klinger’s Ax-Schanuel conjecture, in
[Has19]. Effective versions of the method have been used to compute the set of rational
points on the ‘cursed’ split Cartan modular curve of level 13 [BDS+19] and several other
modular curves [BBB+21]. Similarly, before extending their strategy to give a new proof of
Faltings’ Theorem, Lawrence and Venkatesh first gave a new proof of the finiteness of EK,S
by similar methods [LV20].

Several authors have also developed implementations based on classical Chabauty and
non-abelian Chabauty to compute the set EK,S for some [K : Q] and #S small. One of the
first such works was [DCW15]. In more recent work, [BBK+21] reports on their recently
developed Sage code (building on work of [BD20]) that uses congruence conditions from
the primes in S to compute some EK,S when S is larger than a näıve implementation of
quadratic nonabelian Chabauty would allow. In the context of the classical Chabauty’s
method, the rough idea is that if x, y ∈ O×K,S satisfy x + y = 1, then for each prime p ∈ S,
either vp(x) = vp(y) or vp(x) = 0 or vp(y) = 0. So, one can use subgroups of J(OK,S) in
place of the full generalized Jacobian. An efficient implementation of the algorithm proposed
in the present article would use these refinements to choose a smaller q in Algorithm 1.3.
Unfortunately, their refinements only mitigate the effect of primes in S and do not remove
the need for descent, nonabelian Chabauty, or other arguments beyond RoS Chabauty. So,
for the sake of clarity of exposition, we will not discuss these refinements further in this
article.

Our (perhaps optimistic) dream is that studying the analogue of the ideas developed in
this work in the proper case might one day play a role in yet another effective proof of
Faltings’ Theorem. We believe that if a proof based on RoS Chabauty and descent is every
discovered, then it may be suitable for practical computation. Unfortunately, such a proof
seems far beyond our current technology. At a minimum, such a proof would require a bet-
ter understanding of how ranks of Jacobians grow in towers of étale covers, how subabelian
varieties of abelian varieties with repeated isogeny factors intersect other subvarieties, and
how p-adic analytic subgroup schemes interest algebraic subvarieties. These topics are be-
yond the scope of this article and the needed knowledge is well beyond current mathematical
understanding.

1.5. Notation and Conventions. Throughout, we use the following notation and conven-
tions:

• Q ⊂ K ′ ⊂ K are number fields.
• d = [K : Q] and d′ = [K ′ : Q].
• S0 is a finite set of finite places of Q.
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• S is the set of places of K lying above S0 and S ′ is the set of places of K ′ lying above
S0.
• Σ∞ is the set of infinite places of K.
• If p is a finite place of X then Gp is the decomposition group at p. If p ∈ Σ∞, then
Gp is either the trivial group if p is a complex place and is isomorphic to Z/2Z (with
non-trivial element corresponding to complex conjugation) if p is a real place.
• R = OK,S and R′ = OK′,S′ and R0 = OQ,S0 are the rings of S, S ′, and S0-integers,

respectively. Note that conventions around S-integers are not entirely standardized.
While we assume S consists only of finite places, other articles may require that S
contains all infinite places implicitly in this notation.
• Given a prime p of R, the completion of K at p is Kp, the ring of integers in Kp is
Rp, and the residue field is kp.
• For F a number field, r1(F ) is the number of real embeddings of F and r2(F ) is the

number of complex embeddings of F .
• Given a divisor m on a curve C/K, we write supp(m) for the support of m.
• The dimension of a flat scheme over R or R0 refers to the relative dimension of the

scheme, or equivalently the dimension of the generic fiber.
• If P is a Q-point of a curve defined over a number field K, then K(P ) is the minimal

field of definition of P .
• A CM field is a totally complex number field which is a quadratic extension of a

totally real number field.
• RoS Chabauty is shorthand for Chabauty’s method applied to a restriction of scalars

of a curve X equipped with a map to the corresponding restriction of scalars of the
generalized Jacobian J of X.

We also use the following conventions:
Given a set of algebraic S-integers {x1, . . . , xn} which is stable under the action of Gal(K/K),

let f ∈ R[x] be the monic square-free polynomial with roots x1, . . . , xr. Define

P1
R r ({x1, . . . , xr} ∪ {∞}) := SpecR[x, f(x)−1] .

If the xi are S-units, we define P1
R r {x1, . . . , xr} by gluing P1

R r {x1, . . . , xr,∞} and P1
R r

{x−1
1 , . . . , x−1

r ,∞} by identifying the subsets P1
Rr{0, x1, . . . , xr,∞} and P1

Rr{0, x−1
1 , . . . , x−1

r ,∞}
via the morphism t 7→ t−1.

1.6. Acknowledgements. Thank you to Nils Bruin, Pete Clark, Kálmán Győry, Dino
Lorenzini, Bjorn Poonen, Padmavathi Srinivasan, and to the anonymous referee for help-
ful feedback on drafts of this work.

2. Background on RoS Chabauty

2.1. Generalized Jacobians of punctured curves. In order to extend RoS Chabauty to
affine curves, we need a notion of the generalized Jacobian of a curve X over R. It will be
helpful to slightly restrict the relative curves X that we allow.

Our definitions are chosen so that

(1) J is a commutative group scheme of finite type over R, so that J(R) is a finitely-
generated abelian group;

(2) The generic fiber JK of J is the generalized Jacobian of the generic fiber XK of X;
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(3) An Abel-Jacobi map from the generic fiber XK to its generalized Jacobian JK extends
to a morphism from X to J whenever it is defined with respect to a divisor of XK

which extends to a divisor of X.

Definition 2.1. Let X be a flat relative curve over finite-type over R which is smooth,
separated, and has geometrically connected fibers. Let C be a smooth proper curve over K
equipped with a reduced effective divisor m. Given any proper regular model C for C, let
Γ = supp(m) be the closure of m in C in the Zariski topology.

We say that X is a regular model for (C,m) if there is some proper regular model C /R of
C such that X ∼= CrΓ.

Remark 2.2. There may exist pairs (C,m) of a curve and reduced effective divisor with no
regular models, since removing the closure of m may disconnect finitely many fibers of a
regular model of C. However, after possibly enlarging S by a finite set of primes, the pair
(C,m) will have a regular model. When applying Chabauty’s method, we generally prefer
to take the smallest such enlargement of S.

Regular models X/R are well-adapted to Chabauty’s method because they are equipped
with an R-embedding into their generalized Jacobian, a commutative group scheme JX of
finite type over R with the property that JX(R) is a finitely-generated abelian group. See
Chapter 5 of [Ser88] for the theory of generalized Jacobians of curves over number fields. We
now describe what we mean by the generalized Jacobian of a regular model of (C,m).

If X is a regular model of (C,m), its generic fiber XK has the form C r supp(m). The
generalized Jacobian JC,m of C with reduced modulus m is a semi-abelian group scheme (an
extension of an abelian variety by a torus) over K. Let J X be the (locally of finite type)
Néron model for JC,m and let JX be the connected component of the identity of J X . (See
[BLR90] § 10.2 Theorem 2.) We abuse notation slightly and call JX the generalized Jacobian
of X.

Lemma 2.3. If X/R is a regular model of (C,m), then JX(R) is a finitely-generated abelian
group.

Proof. The semi-abelian variety JXK is an extension of an abelian variety A by a torus T .
The group structure on JXK (K) is abelian, so the same is true for JX(R).

(Part 1.) We first consider the case where T ∼= Gt
m,K is a split torus. Let A be the Néron

model of A. From the proof of [BLR90] §10.1 Prop. 7, JX is an extension of A◦ by Gt
m,R. So

there is an exact sequence

0→ Gt
m,R(R)→ JX(R)→ A◦(R)→ 0 .

Now, A◦(R) ⊂ A(K) is finitely-generated by the Mordell-Weil theorem and Gt
m,R(R) = (R×)t

is finitely-generated by Dirichlet’s unit theorem, so JX(R) is finitely-generated in this case.
(Part 2.) Now suppose T is a non-split torus. Let L be a finite extension of K where T

splits. Let SL be a set of places of L lying above S together with any primes which ramify
in L/K. Let RL be the set of SL-integers in L. Taking l.f.t Néron models commutes with
étale base change ([BLR90] §10.1 Prop. 3) so (JX)L = JXL . The identity component of each
fiber of JX is smooth, connected, and contains a rational point (the identity element ), so
each fiber of JX is geometrically connected. In particular, JXRL = (JX)RL . This allows us

to identify JX(R) as a subgroup of JXRL (RL), which is a finitely-generated abelian group by

Part 1. Hence, JX(R) is a finitely-generated abelian group. �
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Suppose we are given a point P ∈ X(R). Then XK is equipped with an Abel-Jacobi K-
morphism jK : XK ↪→ JXK which sends PK to the identity element of JXK .7 By the Néron
mapping property, jK extends to a map j : X ↪→ J X which sends P to the identity section
of the group scheme JX . Since the fibers of X are geometrically connected and their image
includes the identity, we see that the image of X under j lies in JX .

In the absence of an integral point P ∈ X(R), we can define a finite R-morphism j : X →
JX with respect to any horizontal divisor of X. By a mild abuse of the language we will call
any such map an Abel-Jacobi map.

2.1.1. Generalized Jacobians of genus 0 curves. For the remainder of this article, we will
primarily be concerned with the case where X is regular model of (C,m) where C has genus
zero. In preparation, we recall some facts about the structure of the generalized Jacobian of
such a curve.

Suppose C/K is genus 0, that m is a reduced effective divisor on C and let X/R be a
regular model for (C,m). Note that we do not assume that C has a K-point, so C may not
be isomorphic to P1

K . Let P1, . . . , Pc be distinct irreducible divisors so that m = P1 + · · ·+Pc.
For i ∈ {1, . . . , c}, let Li be the residue field of Pi, let Si be the set of places of Li which lie
over S, and let Ri be the ring of Si-integers in Li. Then, the generalized Jacobian of C with
modulus m is

JC,m ∼=

(
c∏
i=1

ResLi/K Gm,Li

)
/∆(Gm,K) ,(4)

where the ∆(Gm,K) denotes the diagonal embedding of Gm,K into the product of the Weil
restrictions. The generalized Jacobian of X is the connected component of the lft-Néron
model of JC,m. Using Proposition 4.2 of [LL01] to compute the quotient, this is

JX ∼=

(
c∏
i=1

ResRi/RGm,Ri

)
/∆(Gm,R) ,(5)

where ∆(Gm,R) denotes the diagonally embedded copy of Gm,R. If Li = K for some i, the
formula can be simplified by leaving out the ith component and the quotient.

The expression (5) makes it easy to compute the dimension of JX and rank of JX(R).
Since Ri = OLi,Si , we have

dim JX =
c∑
i=1

[Li : K]− [K : K]

and

rank JX(R) =
c∑
i=1

rankO×Li,Si − rankR×(6)

=
c∑
i=1

[r1(Li) + r2(Li) + #Si − 1]− [r1(K) + r2(K) + #S − 1] .

We can also express the rank in terms of the action of the absolute Galois group of K on
the set of punctures of our genus zero curve. We state the general result.

7If XK is proper, this is standard. If XK is affine, [Ser88] describes a K-morphism XK ↪→ JXK
. One can

ensure that PK maps to the identity element by translating by −1 times the image of PK .



RESTRICTION OF SCALARS CHABAUTY AND THE S-UNIT EQUATION 11

Lemma 2.4. Let C/K be a genus 0 curves and let m be a reduced effective divisor on C.

Let C /R be a proper regular model of C, let Γ = supp(m) and let X = C /Γ be a regular
model of (C,m). View Γ(K) = supp(m)as a set of K-points on the generic fiber XK. Let
G = Gal(K/K) be the absolute Galois group of K. Let Σ∞ be the set of infinite places of
K. For each finite place p, let Gp denote the decomposition group of p. For p ∈ Σ∞, let Gp

be the trivial group if p is a complex place and Z/2Z (corresponding to complex conjugation)
if K is a real place.

Then, the generic fiber JC,m of JX is a torus,

dim JX = #Γ(K)− 1,

and JX(R) is an abelian group of rank

rank JX(R) =−
(
#(G\Γ(K))− 1

)
+

∑
p∈S∪Σ∞

(
#(Gp\Γ(K))− 1

)
.

We omit the proof, which is a fairly straightforward computation in the character theory
of tori. The rank computation can be found, for example, Theorem 8.7.2 of Cohomol-
ogy of Number Fields by Neukirch, Schmidt, and Wingberg [NSW08], or in Chapter 6 of
Eisenträger’s Ph.D. Thesis [Eis03].

When X is a subscheme of A1
R, it is possible to define an Abel-Jacobi map j : X → J

without reference to an integral point on X. We give two examples since we will not need
this fact going forward and the general case is notationally burdensome.

Example 2.5. If X = P1
R r {0, 1,∞} = A1

R r {0, 1}, then JXK
∼= Gm,K × Gm,K . Then,

JX ∼= Gm,R ×Gm,R and the Abel-Jacobi map is

j : X → JX

x 7→ (x, x− 1) ,

where we view X ⊂ A1
R and use the simplified form for the generalized Jacobian.

Example 2.6. Suppose
√

2 /∈ K, set L = K(
√

2), and let R′ be the integral closure of R in
L. Suppose also that {1,

√
2} is an integral basis for R′ over R.

If X = P1
R r {±

√
2,∞} = A1

R r {±
√

2}, then JXK
∼= ResL/K Gm,L and

JX ∼= ResR′/RGm,R′

= SpecR[x1, x2, y1, y2]/(x1y1 + 2x2y2 − 1, x1y2 + x2y1) .

Then, we have the Abel-Jacobi map

j : X → JX

x 7→
(
x,−1,

x

x2 − 2
,

1

x2 − 2

)
“ = x−

√
2 .”

2.2. Chabauty’s method for curves. Before discussing the higher-dimensional case, we
recall Chabuaty’s p-adic method for computing the set of R-points on a regular model X of
some curve/reduced effective divisor pair (C,m). Let J be the generalized Jacobian of X. In
modern language, Chabauty and Skolem proved that if rank J(R) ≤ dim J − 1, then X(R)
is finite. We now summarize their argument.

Suppose there is some P0 ∈ X(R). (Otherwise, X(R) is empty and therefore finite.) Let
j : X → J be the Abel-Jacobi map with respect to P0. Set g = dim J . Fix a prime p of R
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of good reduction for X. Say p lies over the rational prime p. Then, J(Kp) in a p-adic Lie
group, so it is equipped with a logarithm map to its Lie algebra, which is isomorphic to Kg

p .
Concretely, if we fix a basis (ω1, . . . , ωg) for H0(JK ,Ω

1), the map is given in coordinates by
the abelian integrals

log : J(OKp)→ Kg
p ,

Q 7→
(∫ Q

O

ωi

)
i

.

Let kp be the residue field at p. The kernel of log is isomorphic to J(kp). In particular, the
fibers are finite. There is a commutative diagram

(7)

X(R) X(OKp)

J(R) J(OKp) Kg
p .

j j

log

The image of J(R) inKg
p is contained in aKp-linear subspace of dimension at most rank J(R).

On the other hand, Chabauty proved that j(X(OKp)) is Zariski-dense in Kg
p . In particular,

if the classical Chabauty inequality

rank J(R) ≤ dim J − 1(8)

is satisfied, then logX(Kp) is not contained in SpanKp
log J(R). Since logX(OKp) is a p-adic

analytic curve, the intersection logX(OKp) ∩ SpanKp
log J(R) in Kg

p is finite. Since log has
finite kernel, the intersection

X(OKp)S,1 := log−1
(
X(OKp) ∩ SpanKp

log J(R)
)

(9)

is also finite. Since X(R) ⊂ X(OKp) ∩ J(R) ⊂ J(OKp) , the set X(R) is finite as well.
In the case of X proper, Coleman [Col85] showed how to use this strategy to show that

#X(R) is contained in an explicitly-computable subset of X(OKp) of size at most X(kp) +
2g − 2. See the excellent survey paper of McCallum-Poonen [MP12] for more detail.

Remark 2.7. When K 6= Q, the rank bound in Chabauty’s method is inefficient in two ways.

(1) (If [Kp : Qp] > 1.) While SpanKp
log J(R) is the smallest Kp-subspace of Kp contain-

ing J(R), it is typically much larger than log J(R) = SpanQp log J(R), the saturation

of the closure of log J(R) in the p-adic topology on Kg
p .

(2) (If [Kp : Qp] < [K : Q].) Using only the OKp-points for Chabauty’s method ignores
all information coming from other primes above p. Combining Chabauty’s method
at all primes above p has the potential to compute X(R) when J(R) has larger rank.

The solution to both inefficiencies is to apply an analogue of Chabauty’s method to ResK/QX
instead. Calculating expected dimensions suggests that Chabauty’s method applies to
ResK/QX would suffice to compute X(K) whenever rank J(K) ≤ [K : Q] · (g − 1). Al-
though we expect this to hold in generic examples, it is not sufficient in several particular
examples.
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2.3. Chabauty’s method for restrictions of scalars. Chabauty’s method extends to
a strategy which can be used to compute integral points on higher-dimensional schemes
in some cases. Suppose that W is a scheme over R0 equipped with a morphism j to its
Albanese A (or any commutative group scheme over R0 such that log(j(Z(Zp)) is Zariski
dense in log(W (Zp)).) By replacing X with W and J with A in (7), we get the diagram

(10)

W (R0) W (Zp)

A(R0) A(Zp) QdimA
p .

j j

log

If the intersection of SpanQp logA(R0) and log ◦j(X(Zp)) is finite, then W (R0) is contained
in an explicitly computable finite set of fibers of j. When rankA(R0) ≤ dimAQ − dimWQ,
the expected dimension of log j(W ) ∩ SpanQp logA(R0) is zero, so we ‘expect’ that this
intersection is finite.

Remark 2.8. Since we are now working over subrings of Zp, we can simplify notation some-

what by working directly in the Jacobian rather than in its Lie algebra. Let A(R0) denote

the saturation of the closure of A(R0) in A(Zp) in the p-adic topology. Equivalently, A(R0)
is the preimage of SpanQp logA(R0) in A(Zp). Then, log j(W )∩ SpanQp logA(R0) is finite if

and only if j(W )∩A(R0) is finite. For compactness of notation, we switch to this perspective
going forward.

We can use this strategy to compute X(R) by taking W = ResR/R0 X and A = ResR/R0 J .
We have

(11)

X(R) (ResR/R0 X)(R0) (ResR/R0 X)(Zp)

J(R) (ResR/R0 J)(R0) (ResR/R0 J)(Zp) .

j j j

In this case, we ‘expect’ the intersection

X(OK ⊗Zp)S,1 := j(ResR/R0 X)(Zp) ∩ (ResR/R0 J)(R0)(12)

will be finite when the RoS Chabauty inequality

rank J(R) ≤ d(dim J − 1)(13)

holds. We call this strategy Chabauty’s method for restrictions of scalars or RoS Chabauty
for short. Since X(R) ⊂ X(OK ⊗Zp)S,1, one can hope to compute X(R) using RoS Chabuaty
and a Mordell-Weil sieve if X(OK ⊗Zp)S,1 is finite.

[Dog19] shows that X(R) is not Zariski-dense in (ResR/R0 X)(Zp) when (13) holds. Un-
fortunately, this is no longer enough to conclude that X(OK ⊗Zp)S,1 is finite when dimW =
d > 1.

In fact, X(OK ⊗Zp)S,1 can be infinite even when (13) is satisfied! Let T ⊂ A be a subgroup
scheme, x ∈ A(R0) be an integral point, and let B = x · T be the translate of T by x. We
have

(B ∩ j(W ))(Zp) ∩ T (R0) ⊆ j(W )(Zp) ∩ A(R0) .(14)
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If also

dimT (R0) ≥ dimB − dim(j(W ) ∩B)(15)

then the left-hand side of (14) will be infinite, so the right-hand side will as well. In particular,
the set X(OK ⊗Zp)S,1 of points cut out by RoS Chabuaty for X will be infinite.

The point is that even when rank J(R) is small, RoS Chabauty may not produce a finite
set of p-adic points if the rank is concentrated in a subgroup scheme of ResR/R0 J which
intersects ResR/R0 X with larger than expected dimension.

Proposition 2.9, due to [Wet00] and first appearing in print in [Sik13] explains one source
of translates B of subgroup schemes of ResR/R0 J with dim(B ∩ j(ResR/R0 X)) larger than
expected which can cause X(OK ⊗Zp)S,1 to be infinite.

Recall that by convention, K ′ is a subfield of K and R′ = K ′ ∩R is the set of S ′ integers
in K ′ for S ′ the set of primes lying under S.

Proposition 2.9. Let C/K ′ be a curve equipped with a reduced effective divisor m. Suppose
that X/R′ is a regular model of (C,m) and that XR is also a regular model of (CK ,mK). If
X(OK′ ⊗Zp)S′,1 is infinite, then RoS X(OK ⊗Zp)S,1 is also infinite.

Proof. The maps

j : ResR′/R0 X → ResR′/R0 J

j : ResR/R0 XR → ResR/Q JR

induced by the Abel-Jacobi map j : X → J commute with the diagonal embeddings

ι : ResR′/R0 X ↪→ ResR/R0 XR

ι : ResR′/R0 J ↪→ ResR/R0 JR

In particular, the embeddings ι induce

j(ResR/R0 X)(Zp) ∩ (ResR/R0 J)(R0) ⊆ j(ResR/R0 XR)(Zp) ∩ (ResR/R0 JR)(R0) .

The left-hand side is infinite by assumption, so the right-hand side is infinite as well. �

Remark 2.10. It is easy to find examples of curves satisfying the conditions of Proposition 2.9
by brute-force search, first for smooth proper curves X/Q with rank J(Q) < genus(X) and
then for number fields K such that rank J(K) is not much larger than rank J(Q). See [Sik13]
for an explicit example.

However, Proposition 2.9 does not explain all cases where X(OK ⊗Zp)S,1 is infinite.

Proposition 2.11. Let C,D/K be smooth proper curves, let mC ,mD be reduced effective
divisors on C and D, and let X, Y/R be regular models for (C,mC) and (D,mD), respectively.

Let f : X → Y be a morphism and let f∗ : ResR/R0 JX → ResR/R0 JY be the induced
pushforward map between the restrictions of scalars of the Jacobians of X and Y . Let
P = f−1

∗ (O) be the preimage of the origin on JY . (P is a generalized Prym variety associated
to f .)

Suppose that P (R0) = P (Qp). Suppose also that there is some x ∈ (ResR/R0 X)(Qp) such

that the image f∗(j(x)) lies in Y (OK ⊗Zp)S,1 = j(ResR/R0 YR)(Zp) ∩ (ResR/R0 JY )(R0) and
is not isolated in Y (OK ⊗Zp)S,1 in the p-adic topology. (In particular, Y (OK ⊗Zp)S,1 is
infinite.) Then, X(OK ⊗Zp)S,1 is infinite.
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Proof. First, we claim that

f−1
∗ (JY (R0)) ⊂ JX(R0) .(16)

Indeed, for any y ∈ JY (R0), we have (f−1
∗ (y))(Zp) = f ∗(y) · P (Zp). Claim (16) follows since

f ∗(y) ∈ JX(R0) and P (Zp) = P (R0) ⊂ JX(R0).
Now, (16) implies that if x′ ∈ (ResR/R0 X)(Zp) and j(f(x′)) ∈ IY , then

j(x′) ∈ X(OK ⊗Zp)S,1 = j(ResR/R0 XR)(Zp) ∩ (ResR/R0 JX)(R0) .

To conclude, we observe by Krasner’s Lemma that if y ∈ Y (OK ⊗Zp)S,1 is sufficiently close
p-adically to j(f(x)) = f∗(j(x)), then there is some x′ ∈ (ResR/R0 X)(Zp) such that y =
j(f(x′)). In particular, j(x′) ∈ X(OK ⊗Zp)S,1, so X(OK ⊗Zp)S,1 is infinite. �

Example 2.12. In [Dog19], Dogra gives an example where both (13) and the conditions of
Proposition 2.11 are satisfied (at least up to finite index.) In Dogra’s example, K is a
quadratic field, the curve Y/Q has genus 2 with rank JY (Q) = rank JY (K) = 2, the curve
X/K has genus 3 with rank JX(K) = 4, and f : X → YK is an unramified morphism of
curves.

In Dogra’s example, JY (Q) = JY (Qp), so Y (Q⊗Qp)1 is infinite. By Proposition 2.9, the
set Y (K ⊗Qp)1 is also infinite.

Let P = f−1
∗ (O) as in Proposition 2.11. Then,

rankP (K) = rank JX(K)− rank JY (K) = 4− 2 = 2 = dimP .

With a bit more work, one can check that in Dogra’s example, P (R0) = P (Qp) and there is
some x ∈ (ResR/R0 X)(Qp) such that the image f∗(j(x)) in Y (K ⊗Qp)S,1 is not isolated. By
Proposition 2.11, the set X(K ⊗ Qp)1 of points cut out by RoS Chabauty applied to X is
infinite as well.

On the other hand,

rank JX(K) = 4 ≤ 4 = 2(3− 1) = [K : Q](dim J − 1) ,(17)

so the RoS Chabauty inequality (13) is satisfied. Moreover, Dogra’s X is not the base
change of any curve defined over Q, so the infinitude of X(K ⊗Qp)1 cannot be explained by
Proposition 2.9 alone.

Remark 2.13. In the setup of Proposition 2.11 and its proof, it is possible for the geometric
structure to cause X(OK ⊗Zp)S,1 to be infinite even if P (R0) is not finite index in P (Zp).
In fact, an expected dimension calculation suggests that in ‘typical’ cases

dimX(OK ⊗Zp)S,1 ≥ Y (OK ⊗Zp)S,1 − (dimP − dimP (R0))

so long as the preimage of some component of Y (OK ⊗Zp)S,1 (as a näıve p-adic analytic
variety in the sense of Serre) of maximal dimension has nonempty preimage under f∗ in
(ResR/R0 X)(Zp).

3. Main Definitions and Statement of Main Results

For simplicity of notation, we now restrict to the case that X/R is a regular model of
(C,m) where C/K has genus 0.

In Propositions 2.9 and 2.11, the infinitude of X(OK ⊗Zp)S,1 is explained by the existence
of a subgroup scheme T ⊂ ResR/R0 J such that rankT (R0) is large and and T intersects
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ResR/R0 X in higher-than-expected dimension. We make the following definition to capture
this obstruction.

Definition 3.1. Let C/K be a genus 0 curve, let m be a reduced effective divisor on C and
let X be a regular model of (C,m). A subgroup obstruction to RoS Chabauty for X is a
translate x · T of a subtorus T ⊂ ResR/R0 JX such that

dim((x · T ) ∩ j(ResR/R0 X)) > dimT − dimT (R0) .

All constructions of subgroup obstructions that have appeared in the literature arise from
geometric constructions involving base change and direct sum with Prym varieties, as in
Propositions 2.9 and 2.11. Such subgroups are especially likely to be subgroup obstructions,
because they intersect j(ResR/R0 X) in higher-than-expected dimension for reasons explained
by the geometry of the curve X. Motivated by these propositions, we now define the class
of BCP-subtori of ResR/R0 J for J the generalized Jacobian of regular model X of (C,m) for
some genus 0 curve C/K. As Definitions 3.2, 3.3, and 3.4 make precise, BCP subtori are the
subtori which which can be built inductively by iteratively (1) taking diagonal embeddings
from curves defined over subrings which become isomorphic to X after base change to R
(Proposition 2.9) and (2) adding Prym varieties (Proposition 2.11 and Remark 2.13). By
replacing each instance of ‘subtorus’ with ‘subgroup scheme,’ these definitions generalize in a
natural way to restrictions of scalars of generalized Jacobians of higher genus curves. Recall
that by convention, K ′ is a subfield of K.

Definition 3.2. Let D/K ′ be a genus 0 curve, let m be a reduced effective divisor on D and
let Y be a regular model of (D,m). Let T ′ ⊂ ResR′/R0 JY be a subtorus of the restriction of
scalars of the generalized Jacobian of Y . Suppose that X ∼= YR is the base change of Y to
R. The isomorphism induces a natural inclusion

ResR′/R0 JY ↪→ ResR/R0 JX

of restrictions of scalars of generalized Jacobians. Let T ⊂ ResR/R0 JX be the image of T ′

under this inclusion. We call the pair (X,T ) a BC-successor of the pair (Y, T ′).

Definition 3.3. Let C,D/K be genus 0 curves, let mC and mD be reduced effective divisors
on C and D respectively, and let X and Y be regular models of (C,mC) and (D,mD),
respectively.

Let f : X → Y be a morphism and let T ′ ⊂ ResR/R0 JY be a subtorus of the restriction of
scalars of the generalized Jacobian of Y . The map f induces a push-forward map

f∗ : ResR/R0 JX → ResR/R0 JY .

The connected component T = f−1
∗ (T ′)◦ of the identity of the preimage of T ′ under f∗ is a

subtorus of ResR/R0 JX . We call the pair (X,T ) a P-successor of (Y, T ′).

Definition 3.4. Let C/K be a genus 0 curve, let m be a reduced effective divisor on C and
let X be a regular model of (C,m).

We say that a torus T ⊂ ResR/R0 JX is a 0-BCP torus for X if T = ResR/R0 JX .
For n ≥ 1, we say T ⊂ ResR/R0 JX is an n-BCP torus for X if the pair (X,T ) is either a

BC-successor or a P-successor of some pair (Y, T ′) where T ′ is an (n− 1)-BCP torus for Y .
We say T ⊂ ResR/R0 JX is a BCP torus for X if T is an n-BCP torus for X for some n.
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Remark 3.5. Arguing by induction, one sees that if T ⊂ ResR/R0 JX is a BCP torus, then
the intersection

T ∩ j(ResR/R0 X) ⊂ ResR/R0 JX .

has positive dimension. More precisely, if (X,T )/R is a 0-BCP torus,

dimT ∩ j(ResR/R0 X) = d .

If (X,T )/R is the BC-/P-successor of the pair (Y, T ′)/R′, then

dimT ∩ j(ResR/R0 X) = dimT ′ ∩ j(ResR′/R0 Y ) .

Example 3.6. Let Q ⊂ K ′ ⊂ K be number fields with rings of S-integers R0, R
′, and R

respectively. Suppose K has no other subfields. Table 1 illustrates the contribution of
‘iterating’ the BCP-construction in the definition in the example of the punctured genus 0
curve P1

R r {0, 1, 2,∞}. We briefly explain some of the entries.
The only 0-BCP torus is the full restriction of scalars of the generalized Jacobian, which

gives three factors of ResR/R0 Gm,R.
Any 1-BCP torus arising as a P -successor of an m-times punctured P1

R would be isogenous
to the product of m − 1 copies of ResR/R0 Gm,R (the 0-BCP torus of the image curve) and
4−m copies of ResR/R0 Gm,R coming from the Prym variety. So, (up to isogeny) any 0-BCP
torus arising as a P -successor is already a 0-BCP torus. The 1-BCP tori arising as BC-
successors consist of three factors of ResR′/R0 Gm,R′ or three factors of Gm,R0 . Similarly, for
any P1

R where the punctures descend to degree 1 punctures over R0, the 1-BCP tori would
be sums of copies of a single irreducible torus.

A BC-successor of a BC-successor can be viewed as a BC-successor in a single step, so to
understand the 2-BCP tori for P1

Rr{0, 1, 2,∞}, it suffices to understand the P -successors of
1-BCP tori for covered curves. In our case, the covering maps forget or combine individual
punctures. As in the previous paragraph, a P -successor of an m-times punctured P1

R would
be isogenous to the product of a 1-BCP torus and 4−m copies of ResR/R0 Gm,R coming from
the Prym variety. So, those 2-BCP tori which are not also 1-BCP tori are those products
of three total copies of either ResR/R0 Gm,R and ResR′/R0 Gm,R′ or ResR/R0 Gm,R and Gm,R0 ,
where not all isogeny factors are the same.

Continuing in this manner, the 3-BCP tori are (up to isogeny) the product of three total
copies of ResR′/R0 Gm,R′ and Gm,R0 , where not all isogeny factors are the same. The 4-BCP
tori are (up to isogeny) the product ResR/R0 Gm,R × ResR′/R0 Gm,R′ × Gm,R0 . We note that
in this example, it is not possible to get three distinct isogeny factors until we have used
both the base change and Prym variety constructions twice, so iterating the construction
does provide new examples of BCP-tori.

Definition 3.7. Let C/K be a genus 0 curve, let m be a reduced effective divisor on C and
let X be a regular model of (C,m). A BCP obstruction to RoS Chabauty for X is a BCP
torus T for X such that

dim(T ∩ j(ResR/R0 X)) > dimT − dimT (R0) .

In other words, a BCP obstruction is a subgroup obstruction which is also a BCP torus.
Given a BCP obstruction T to RoS Chabauty for X, an expected dimension calculation
suggests that j(ResR/R0 X)(Zp) ∩ T (R0), and therefore X(OK ⊗Zp)S,1, is infinite.
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n List of n-BCP tori for P1
R′ r {0, 1, 2,∞} Explanation

0 ResR/R0 Gm,R × ResR/R0 Gm,R × ResR/R0 Gm,R 0-BCP
1 ResR′/R0 Gm,R′ × ResR′/R0 Gm,R′ × ResR′/R0 Gm,R′ BC-successor from P1

R′ r {0, 1, 2,∞}
Gm,R0 ×Gm,R0 ×Gm,R0 BC-successor from P1

R0
r {0, 1, 2,∞}

2 ResR/R0 Gm,R × ResR/R0 Gm,R × ResR′/R0 Gm,R′ P-successor from P1
R r {0,∞}

ResR/R0 Gm,R × ResR′/R0 Gm,R′ × ResR′/R0 Gm,R′ P-successor from P1
R r {0, 1,∞}

ResR/R0 Gm,R × ResR/R0 Gm,R ×Gm,R0 P-successor from P1
R r {0,∞}

ResR/R0 Gm,R ×Gm,R0 ×Gm,R0 P-successor from P1
R′ r {0, 1,∞}

3 ResR′/R0 Gm,R′ × ResR′/R0 Gm,R′ ×Gm,R0 BC-successor from P1
R′ r {0, 1, 2,∞}

ResR′/R0 Gm,R′ ×Gm,R0 ×Gm,R0 BC-successor from P1
R′ r {0, 1, 2,∞}

4 ResR/R0 Gm,R × ResR′/R0 Gm,R′ ×Gm,R0 P-successor from P1
R r {0, 1,∞}

Table 1. Let Q ⊂ K ′ ⊂ K be number fields with rings of S-integers R0, R
′,

and R respectively. Suppose K has no other subfields. This table lists the
BCP tori (up to isogeny) for P1

R r {0, 1, 2,∞}. The BCP-tori are grouped by
the least n for which they are an n-BCP torus. The final column explains one
way the torus can be constructed as an n-BCP torus from an (n−1)-BCP torus
for another curve, either by base change or by a map that forgets a puncture,
although isogenous tori may arise as BCP tori in other ways.

3.1. Statement of Main Results. Our main results show that there are no BCP obstruc-
tions to RoS Chabauty for a large collection of subcovers of P1

R r {0, 1,∞}. For most of
the curves we consider, we prove the significantly stronger result that there are no subgroup
obstructions to RoS Chabauty.

Since we expect subgroup obstructions which are not explained by BCP obstructions to
be rare (if they exist), we believe these results provide strong evidence that for sufficiently
large q, the sets X(OK ⊗Zp)S,1 cut out by RoS Chabauty are finite for all of the subcovers
X that we consider.

Theorem 3.8. Let q be a prime number. Let K be a number field which does not contain a
CM subfield. Let S0 be a finite set of finite places of Q and let S be the set of places of K
lying above S0. Let R = OK,S be the ring of S-integers. For α ∈ R× which is a qth power in
R, set

mα,q := {x ∈ K : xq − 1 = 0, x 6= 1} ,
viewed as a divisor on P1

K. Let Γα,q be the closure of supp(mα,q) in P1
R. Set Xα,q := P1

RrΓα,q.
For q sufficiently large (depending on K and S, but not on α), there are no BCP obstruc-

tions to RoS Chabauty for Xα,q.

Theorem 3.9. Let q be a prime number. Let K be a number field. Let S0 be a finite set of
finite places of Q and let S be the set of places of K lying above S0. Let R = OK,S be the
ring of S-integers. For α ∈ R× which is not a qth power in R, set

mα,q := {x ∈ K : xq − α = 0} ,

viewed as a divisor on P1
K. Let Γα,q be the closure of supp(mα,q) in P1

R. Set Xα,q := P1
RrΓα,q.

For q sufficiently large (depending on K and S, but not on α), there are no subgroup
obstructions to RoS Chabauty for Xα,q.



RESTRICTION OF SCALARS CHABAUTY AND THE S-UNIT EQUATION 19

Remark 3.10. Recall that R = OK,S. For any prime q and α ∈ R×, let m′α,q = {x ∈ K :

xq − α = 0} ∪ {0,∞}, let Γ′α,q be the closure of supp(m′α,q) in P1
R, and let X ′α,q = P1

R r Γ′α,q.
There is a natural inclusion map X ′α,q → Xα,q, so to compute X ′α,q(R), it suffices to com-

pute Xα,q(R). Moreover, elements X ′α,q(R) correspond to elements x ∈ (P1
R r {0, 1,∞})(R)

such that x/α is a qth power in R×. Since R× is a finitely-generated abelian group, this
means that if one can compute X ′α,q(R) as α ranges over a (finite) set of coset representative

of R×/(R×)q, then one can compute (P1
R r {0, 1,∞})(R).

In particular, Theorems 3.8 and 3.9 suggest that it should be possible to compute the set

(P1
R r {0, 1,∞})(R) = {(x, y) ∈ R× ×R× : x+ y = 1}

of solutions to the S-unit equation in K using RoS Chabauty applied to the curves Xα,q.

Remark 3.11. The assumption in Theorem 3.8 that K does not contain a CM-field is nec-
essary under the generalized Leopoldt Conjecture 1.2 on p-adic linear independence of loga-
rithms of algebraic numbers. In this remark, we exhibit a BCP obstruction to RoS Chabauty
for X1,q (defined as in Theorem 3.8) under generalized Leopoldt for a single totally real num-
ber field.

Suppose K is a CM field and that q is large enough so that Q(ζq) and K are linearly
disjoint. Let K ′ be the maximal totally real subfield of K with ring of S-integers R′. Then,
there is some β ∈ R′ such that K = K ′(β) and β2 is negative in all real embeddings K ′ ↪→ R.
Let β be the Galois conjugate of β under the Gal(K/K ′) action. Then, β is the complex
conjugate of β for every embedding K ↪→ C. Define the fractional linear transformation:

f : P1 → P1 ,

x 7→ βx− β
x− 1

.

Set m = f({x ∈ K r {1} : xq − 1 = 0}). The divisor m is stable under the action of

Gal(K(ζq)/K
′) so we may define Y := P1

R′ r supp(m). By construction, X1,q
∼= YR.

Set T = ResR′/R0 JY . Assuming generalized Leopoldt, dimT (R0) = min(dimT, rankT (R0)).
If this holds, we claim that the 1-BCP torus T is a BCP obstruction to RoS Chabauty for
X1,q.

In every complex embedding, the map f takes the unit circle to the real axis, so the field
K ′(Γ) is totally real. Applying (6) gives

rank(T (R0)) = rank JY (R′) ≥ [K ′ : Q](q − 2) = dim ResR′/R0 JY ,

with equality if and only if every prime in S ′ splits completely in K ′(Γ). Generalized Leopoldt

implies dimT (R0) = dimT . Since

dim(T ∩ j(ResR/R0 X1,q)) = dim ResR′/R0 Y = [K ′ : Q] > 0 ,

we see that T is indeed a BCP obstruction to RoS Chabauty for X1,q.
Of course, if K is not CM, but contains a CM field, we may apply the same argument to

the CM subfield to construct a base change obstruction to RoS Chabauty for X1,q.
In contrast, we note that Theorem 3.9 requires no assumptions on K.
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4. Classical Chabauty and genus 0 descent.

Suppose that C/K is a genus 0 curve, m is a reduced effective divisor on C and that
X = X r Γ is a regular model for (C,m) over R = OK,S. Let J be the generalized Jacobian
of X. Under the generalized Leopoldt conjecture 1.2, the classical Chabauty set X(OKp)S,1
containing X(R) is finite whenever there is some torus T ⊂ J such that

rankT (R) < dimT .(18)

We start by proving a bound on the ranks of tori over the rings of integers of number
fields. Recall that a torus T over K is anistropic if homK(T,Gm) = {1}. Equivalently, the
isogeny decomposition of T as a product of irreducible tori over K does not contain any
copies of Gm. Similarly, we say that a torus over OK or OK,S is anisotropic if its generic
fiber is anisotropic. The following lemma is likely known to experts but we could not find a
reference:

Lemma 4.1. Suppose that T/OK is an anisotropic torus. Then,

r2(K) dimT ≤ rankT (OK) ≤ (r1(K) + r2(K)) dimT .

Proof. Let L/K be a Galois extension that splits TK and set G = Gal(L/K). Then, G acts on
the character lattice X(T )HomL(T,Gm). Let χT be the associated C-valued representation
of G. The group G also acts on O×L . Let χL be the associated C-valued representation.
By [Eis03, Corollary 6.9], rankT (OK) = 〈χT , χL〉. The group G also acts on the infinite
places of L. Let ψ be the corresponding representation of G acting on Cr1(L)+r2(L), viewed
as formal linear combinations of infinite place of L. We have ψ ∼= χL ⊕ 1. Moreover, since
T is anisotropic, 〈χT ,1〉 = 0. So, rankT (OK) = 〈χT , ψ〉.

We now consider the structure of ψ. The action of G permutes the set of places above
any particular infinite place of K. Moreover, if there are #G places above a certain place
of K then the action on the set of places of L above this place of K is by the right regular
representation IndG{1}1. This occurs if the place of K is complex or if the place of K is real and

the places above it are also real. Alternately, if there are 1
2
#G places above a certain place of

K, then the stabilizer of some place is a subgroup H ⊂ G of order 2 and the representation
on this set of places is by IndGH1. This case occurs if the place of K is real and the places
above it are complex. Let mρ(ψ) denote the multiplicity of the irreducible representation ρ in
ψ and let mρ(χT ) denote the multiplicity of ρ in χT . Since every irreducible representation ρ
of G occurs with multiplicity dim ρ in the right regular representation and with multiplicity
at most dim ρ in IndGH1, we conclude

r2(K) dim ρ ≤ mρ(ψ) ≤ (r1(K) + r2(K)) dim ρ .(19)

Now, since rankT (OK) = 〈χT , ψ〉,

rankT (OK) =
∑

irreps. ρ of G

mρ(χT )mρ(ψ) .

Applying (19) to each mρ(ψ) and using the fact that

dimT =
∑

irreps. ρ of G

mρ(χT ) dim ρ ,

we arrive at the desired result. �
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To apply Lemma 4.1 to study Chabauty’s method, we will consider the case where T is a
subtorus of the generalized Jacobian J .

Theorem 4.2. Let K be a number field which is not totally real. Let S be any finite set
of finite places of K, let p be a finite place of K which is not in S, and let m be a reduced
effective divisor on P1

K. Let X/OK,S be a regular model of (P1
K ,m).

Suppose that [K : Q] ≥ 3, that the generalized Leopoldt Conjecture 1.2 holds over K.
Then, X(OKp)S,1 = X(OKp). In particular, the set of points X(OKp)S,1 cut out by the
classical Chabauty’s method is either empty or infinite.

Proof. Any such X spreads out to a regular model of (P1
K ,m) over OK , so it suffices to

consider the case S = ∅.
Let J be the generalized Jacobian of X. Since [K : Q] ≥ 3, we have

rankGm(OK,S) = r1(K) + r2(K) + #S − 1 ≥ 1 = dimGm .(20)

Since K is not totally real, combining Lemma 4.1 with equation (20) implies that for
any irreducible torus T ⊂ J , we have rankT (OK) ≥ dimT . In particular, the general-
ized Leopoldt Conjecture 1.2 implies that SpanKp

log T (OK) = KdimT
p . Altogether, we see

that SpanKp
log J(OK) = Kdim J

p , and so X(OKp)S,1 = X(OKp) . To conclude, we note that
X(OKp) is either empty or infinite. �

As an immediate consequence of Theorem 4.2, we have:

Corollary 4.3. Let K be a number field, let S be any finite set of finite places of K, and let
p be a finite place of K which is not in S. Suppose that [K : Q] ≥ 3, that K is not totally
real, and that the generalized Leopoldt Conjecture 1.2 holds over K.

Then, for any finite set D of genus zero covers fX : X → P1
R r {0, 1,∞} satisfying

(P1
R r {0, 1,∞})(R) ⊂

⋃
X∈D

fX(X(R)) ,

the set of points ⋃
X∈D

fX(X(OKp)S,1) ⊂ (P1
R r {0, 1,∞})(OKp)

cut out by the classical Chabauty’s method plus descent is either empty or infinite.

Remark 4.4. In contrast to Corollary 4.3, when K = Q or is imaginary quadratic, [Poo19]
shows that when D is the collection of (Z/qZ)-covers of P1

R r {0, 1,∞} which extend to be
totally ramified above 0 and ∞ and étale elsewhere, the set⋃

X∈D

fX
(
X(OKp)S,1

)
⊂ (P1

R r {0, 1,∞})(OKp)

is finite.

Remark 4.5. If K is totally real and [K : Q] + #S ≥ 4, one can check that for any regular
model X of (P1

K ,m), with generalized Jacobian J , we have rank J(OK,S) ≥ dim J . Naively,
one might expect this to imply that X(OKp)S,1 is infinite when it it nonempty, but this need
not be the case. For instance, if S = ∅ and one of the Galois orbits of the divisor m defines
a CM field containing K, then J will have a nontrivial subtorus T with rankT (OK) = 0.
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To give a concrete example, if m = {±i}, then J = ResOK[i] /OK Gm has a subtorus which

is isogenous to the quotient T = J/Gm. Since

rank J(OK) = rankO×K[i] = rankO×K = rankGm(OK) ,

we see that rankT (OK) = 0. In particular, X(OKp)S,1 is finite even though the Chabauty
inequality rank J(OK,S) ≥ dim J is not satisfied for X.

More generally, let m′1,q = {0,∞} ∪ {x : xq − 1 = 0} and let X ′1,q be a regular model

of (P1
K ,m

′
1,q) over OK . The generalized Jacobian of X ′1,q has a subtorus T of dimension

(q − 1)/2 with rankT (OK) = 0. Arguing as in the proof of Lemma 6.2, one can show for
that rankT (OK,S) < (q − 1)/2 and so X ′1,q(OKp)S,1 is finite if q is large enough.

5. No BCP obstructions to RoS Chabauty for P1 r {x : xq − 1 = 0, x 6= 1}

Let m1,q = {x : xq − 1 = 0, x 6= 1} and let Γ1,q be the closure of the support of m1,q in P1
R.

In this section, we show that when K does not contain a CM subfield, and for a sufficiently
large prime q, there are no BCP obstructions to RoS Chabauty for P1

RrΓ1,q. Our main goal
is to prove Theorem 3.8.

This case is particularly difficult to control for the purposes of RoS Chabauty for two
closely related reasons. First, ResR[ζq ]/R0 Gm/ResR/R0 Gm has many subtori, including many
subtori with large rank if K has a large totally real subfield. Understanding how translates
of these subtori intersect other subvarieties seems to be a subtle geometric problem. Second,
since the Galois group Gal(K[ζq]/K) is abelian, it imposes less structure than the nonabelian
Galois group Gal(K[ζq, q

√
α]/K) will impose in Section 6.

Before we begin a series of technical lemmas, we sketch out the proof. Given a BCP torus
T , Lemma 5.1 allows us to bound dimT − dimT (R0) from below in terms of ranks and
dimensions of the generalized Jacobians of certain curves. Theorem 5.6 shows that if X/R′

is any curve which becomes isomorphic to Xα,q after base change to R, then the rank of the
R′ points of the generalized Jacobian JX of X is ‘small’. More precisely, for large q, there is a
constant c > 0 such that rank JX(R′)+ cq < dim JX . Lemma 5.7 shows that if the punctures
of X form a single Galois orbit, (X,T ) is a P -successor of some (Y, T ′), and rank JX(R)
is ‘small’ in the sense above, then for large q the difference (rank JX(R′)− rank JY (R′)) is
‘small’ compared to [K ′ : Q](dim JX − dim JY ). Combining these lemmas, any BCP torus T

for X1,q satisfies dimT − dimT (R0) > dim ResR/R0 X1,q, so there is no BCP obstruction to
RoS Chabauty for X1,q.

Lemma 5.1. Suppose that T is an n-BCP torus for X/R. Set Tn = T,R′n = R, and
Xn = X. For each i ∈ {0, . . . , n− 1} there is a ring of S-integers R′i with fraction field Ki,
a curve Xi/R

′
i with generalized Jacobian Ji, and an i-BCP torus Ti such that T0 is a 0-BCP

torus for X0 and (Xi+1, Ti+1) is either a BC-successor or a P-successor of (Xi, Ti).
Set

δi =


[K0 : Q] · dim J0 − rank J0(R′0) if i = 0 ,

0 if (Xi, Ti) is a BC-successor of (Xi−1, Ti−1) ,

[Ki : Q] · (dim Ji − dim Ji−1)
− (rank Ji(R

′
i)− rank Ji−1(R′i−1))

if (Xi, Ti) is a P-successor of (Xi−1, Ti−1) .
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Then,

dimT − dimT (R0) ≥
n∑
i=0

max(0, δi) .

Proof. The proof is by induction on n.
For n = 0, we have T0 = ResR′0/R0

J0, so the claim is equivalent to rankT0(R′0) ≥
dimT0(R′0), which holds because the log map respects the p-adic topology.

Suppose the claim holds for (Xn−1, Tn−1). If (Xn, Tn) is the BC-successor of (Xn−1, Tn−1)
then Tn ∼= Tn−1 and δn = 0, so the claim is immediate.

Otherwise, (Xn, Tn) is the P-successor of (Xn−1, Tn−1), so there is a map f : Xn → Xn−1

and R′n = R′n−1. Let O be the identity in Jn−1 and set P = f−1
∗ (O) for f∗ as in Definition 3.3.

Up to isogeny, Tn ∼ P × Tn−1 and ResR′n/R0 Jn ∼ P × ResR′n−1/R0
Jn. So,

dimTn − dimTn(R0) =
(

dimTn−1 − dimTn−1(R0)
)

+
(

dimP − dimP (R0)
)

≥
n−1∑
i=0

max(0, δi) + max(0, dimP − rankP (R0))

=
n−1∑
i=0

max(0, δi) + max(0, δn) .

�

We now begin a series of lemmas aimed at bounding the ranks of the generalized Jacobians
of certain genus 0 curves, culminating in Theorem 5.6.

Note that if P1
R r Γ1 and P1

R r Γ2 are isomorphic, then there is some fractional linear
transformation φ : x 7→ ax+b

cx+d
with a, b, c, d ∈ K such that φ(Γ1(K)) = Γ2(K). To bound the

rank of the generalized Jacobians of P1
R r Γ1 we will need to understand the number of real

and complex embeddings of the fields generated by the Galois orbits in Γ1, as well as the
splitting of the primes in S in these fields.

Lemma 5.2. Suppose that K ′ ⊂ K are number fields. Let X be a genus 0 curve defined
over K ′ equipped with an isomorphism φ : P1

K → XK. Fix P ∈ P1
K(Q). Suppose also that

[K ′(φ(P )) : K ′] = [K(P ) : K]. Given r ∈ R>0, let

Ur := {x ∈ C : |x| = r}
be the circle of radius r in C ⊂ P1(C).

Let I be a set of embeddings ι : K → C. For each ι ∈ I, fix some rι ∈ R>0. Suppose that
for all embeddings ι′ : K(P ) ↪→ C extending ι, we have ι′(P ) ∈ Urι. Set

Kbad := {x ∈ P1(K) : ι(x) ∈ Urι for all ι ∈ I} .
If Kbad is finite and either

(1) Kbad 6= ∅ or
(2) X ∼= P1

K′

then for some ι ∈ I there are at most 2 real embeddings K ′(φι(P )) ↪→ R extending ι|K′.

Proof of Lemma 5.2. Observe first that [K ′(φ(P )) : K ′] = [K(P ) : K] implies that em-
beddings K ′(φ(P )) ↪→ C extending ι|K′ correspond exactly to embeddings ι′ : K(P ) ↪→ C
extending ι.
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We now prove the contrapositive. Suppose that for each ι ∈ I there are at least three
ι′ : K(P )→ C so that ι′(K ′(φ(P ))) ⊂ R.

Then, each ι|K′ : K ′ ↪→ C is a real embedding. Given ι : K ↪→ C, let Xι be the base
change of X from K ′ to R along ι. Let φι denote the induced map P1

C → Xι,C.
If X ∼= P1

K′ , let ψ : X → P1
K′ be the identity map. The induced isomorphisms ψι : Xι → P1

R
and ψι : Xι,C → P1

C are again the identity.
Otherwise, X can be written as a conic in P2

K′ . Choose some Q ∈ Kbad and let ψ : XK →
P1
K be projection from φ(Q) to a line. Since ι(φ(Q)) ∈ R for all ι ∈ I, there are again

induced isomorphisms ψι : Xι → P1
R and ψι : Xι,C → P1

C given by projection from ι(φ(Q)).
In either case, ψι,C maps Xι(R) isomorphically to the real axis in P1(C).
Now, by assumption, for any ι ∈ I, we can choose distinct ι1, ι2, ι3 extending ι to K(P )

such that φι(ιj(P )) ∈ Xι(R) for j ∈ {1, 2, 3}. Then, (ψι ◦ φι)(ιj(P )) lies on the real axis
in P1(C) for j ∈ {1, 2, 3}. Since any automorphism of P1(C) which maps three points on a
circle to a (real) line induces a bijective map between the circle and the line, we see that
the composition ψι ◦ φι maps Urι bijectively to the real axis in P1(C). Hence, φι maps Urι
bijectively to Xι(R).

Now, consider the map ψ ◦ φ : P1
K → P1

K . Since, P1 is definable over Q, it makes sense to
consider P1(Q) as a set inside P1(K). Moreover, for each ι ∈ I, the set P1(Q) is contained
in the real axis of P1(C). In particular, for all x ∈ P1(Q) and all ι ∈ I, we have

ι((ψ ◦ φ)−1(x)) ∈ Urι .
Hence,

(ψ ◦ φ)−1(P1(Q)) ⊂ Kbad .

so Kbad is infinite. �

Recall that a CM field is a totally complex field which is a degree 2 extension of a totally
real field. We state and prove a well-known fact characterizing fields containing CM subfields.

Lemma 5.3. Let K be a number field and fix α ∈ K. Then, K contains a CM subfield if
and only if the set

Cα := {x ∈ K : |ι(x)| = |ι(α)| for all ι : K ↪→ C}
is infinite, or equivalently, if #Cα ≥ 3 .

Proof of Lemma 5.3. Dividing by α if necessary, it suffices to prove the claim for α = 1.
If #C1 ≥ 3 then there is some β 6= ±1 on the unit circle in every complex embedding.

The same is true of β−1, so Q(β) is a totally complex degree two extension of Q
(
β+β−1

2

)
.

If K contains a CM subfield, suppose K ′(β) is a CM subfield containing the totally real
subfield K ′. Let σ ∈ Gal(K ′(β)/K ′) be the nontrivial element corresponding to complex
conjugation. Then, β − σ(β) 6= 0 lies on the imaginary axis in every embedding K ↪→ C.
Finally, the fractional linear transformation x 7→ x+1

x−1
maps the imaginary axis to the unit

circle in every embedding. Hence,{
nβ − nσ(β) + 1

nβ − nσ(β)− 1
: n ∈ Q

}
⊂ C1

so C1 is infinite. �

Lemma 5.4. Suppose that [K : Q] is odd. Fix an ι : K ↪→ C and an r ∈ R>0. Then,

#{x ∈ K : |ι(x)| = r} ≤ 2 .
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Proof of Lemma 5.4. Suppose not. Then there are α, β ∈ K with ι(α) = ι(β) = r and
α 6= ±β. Set x = α/β, so |ι(x)| = 1. Then, ι(x) /∈ R but ι(x) + ι(x)−1 ∈ R. Hence,
[Q(x) : Q(x+ x−1)] = 2. But then [K : Q] = [K : Q(x)] · [Q(x) : Q] is even. �

Lemma 5.5. Suppose that K ′ ⊂ K are number fields. Let q be a prime. Let X be a genus
0 curve defined over K ′ equipped with an isomorphism φ : P1

K → XK. Suppose that the set
Zq :=

{
ζjq : j ∈ {1, . . . , q − 1}

}
of primitive qth roots of unity defines an irreducible degree

q − 1 point of P1
K and that {φ(x) : x ∈ Zq} descends to an irreducible degree q − 1 point of

X. Then,

a) If [K : Q] is odd,
r1(K ′(φ(ζq))) ≤ 2r1(K ′) .

b) If K does not contain a CM subfield,

r1(K ′(φ(ζq))) ≤ [K ′ : Q](q − 1)− (q − 3) .

Proof of Lemma 5.5. The assumption that we have irreducible points implies that

[K(ζq) : K] = [K ′(φ(ζq)) : K ′] = q − 1 .

(a): Suppose [K : Q] is odd. Fix an ι : K ↪→ C, set I = {ι}, and set rι = 1. Define Kbad

as in Lemma 5.2. By Lemma 5.4, #Kbad ≤ 2.
We have ±1 ∈ Kbad, so X ∼= P1

K′ . Then, Lemma 5.2 says there are at most 2 real
embeddings of K ′(φ(ζq)) extending ι|K′ . Of course, if ι|K′ is not real, there are no such
embeddings. We conclude

r1(K ′(φ(ζq))) ≤ 2r1(K ′) .

(b): Suppose K does not contain a CM subfield. Let I be the set of all embeddings
ι : K ↪→ C and set rι = 1 for all ι. Define Kbad as in Lemma 5.2. By Lemma 5.3,
#Kbad ≤ 2.

We again have ±1 ∈ Kbad. By Lemma 5.2,

r1(K ′(φ(ζq))) ≤ ([K ′ : Q]− 1)(q − 1) + 2 = [K ′ : Q](q − 1)− (q − 3) ,

r1(K ′(φ( q
√
α))) ≤ ([K ′ : Q]− 1)q + 2 = [K ′ : Q]q − (q − 2) .

�

Theorem 5.6. Let K be a number field which does not contain a CM subfield and let S be
a finite set of finite places. For any ε > 0, there exists C ∈ R such that for all primes q > C
the following holds:

Let K ′ be any subfield of K. Let S ′ be the set of places of K ′ lying under S and let
R′ = OK′,S′ be the ring of S ′-integers of K ′. Choose any α ∈ R× which is a qth power in R
and let Γ be the divisor on P1

R given by spreading out the divisor {x ∈ R r R : xq − α = 0}
on P1

K.
Let X/R′ be any curve such that there is an isomorphism φ : P1

R r Γ→ XR . Then,

rank JX(R′) ≤
(

[K ′ : Q]− 1

2
+ ε

)
(q − 2) .

Proof of Theorem 5.6. It is enough to consider the case α = 1.
Note that P1

R r Γ ∼= P1
R r {ζjq : j ∈ {1, . . . , q − 1}} . By choosing C sufficiently large, we

may assume that Q(ζq) is linearly disjoint from K. Then,

[K(ζq) : K] = [K(φ(ζq)) : K] ≤ [K ′(φ(ζq)) : K ′] ,
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so the punctures of XK′ form an irreducible degree q − 1 point on XK′ .
Using Lemma 2.4 or equation (6) to bound the rank of JX(R′), it will suffice to bound the

number of infinite places of K ′(φ(ζq)) and the number of finite places of K ′(φ(ζq)) above S ′.
We start with the infinite places. By 1b of Lemma 5.5,

r1(K ′(φ(ζq))) ≤ [K ′ : Q](q − 1)− (q − 3) .

Also,
r1(K ′(φ(ζq))) + 2r2(K ′(φ(ζq))) = [K ′ : Q](q − 1) ,

so

r1(K ′(φ(ζq))) + r2(K ′(φ(ζq))) ≤ [K ′ : Q](q − 1)− q − 3

2
.(21)

To address the finite places, we note that the total number of places of K ′(φ(ζq)) above
S ′ is at most the total number of places of K(ζq) above S.

Fix a prime p ∈ S. Let κp be the residue field of Kp. Let ap = [κp(ζq) : κp]. Then, ap is
the order of #κp in (Z/qZ)×, so

ap ≥
⌈

ln(q − 1)

ln(#κp)

⌉
.

Also,

#{primes P of K(ζq) above p} =
q − 1

ap
≤ q − 1⌈

ln(q−1)
ln(#κp)

⌉ .
The set S is finite and the denominators shrink as q grows, so there is some C (depending
only on ε,K, and S) such that for q > C we have∑

p∈S

#{primes P of K ′(φ(ζp)) above p} ≤ ε

2
(q − 1) .(22)

Combining (21) and (22) in (6) gives

rank JX(R′) ≤
(

[K ′ : Q]− 1

2
+
ε

2

)
(q − 1) +

3

2
.

Increasing C if necessary, we may assume εq/2 is larger than any given constant. We find

rank JX(R′) ≤
(

[K ′ : Q]− 1

2
+ ε

)
(q − 2) .

�

Lemma 5.7. Let C1, C2/K be genus 0 curves equipped with reduced effective divisors m1,m2.
Let X1 := X1rΓ1 and X2 := X2rΓ2 be regular models of (C1,m1) and (C2,m2), respectively.
Let J1 and J2 be the generalized Jacobians of X1 and X2. Let G = Gal(K/K).

Suppose we are given a morphism ϕ : X1 → X2 such that the induced morphism ϕ :
C1 → C2 satisfies ϕ(Γ1(K)) = Γ2(K). Suppose also that #(G\Γ2(K)) = 1 and set δ =
#Γ1(K)/#Γ2(K). Set

∆ := [K : Q] ·#Γ1(K)− (rank J1(R) + rankGm(R) + 1) .

Then

[K : Q](dim J1 − dim J2)− (rank J1(R)− rank J2(R)) ≥
(
δ − 1

δ

)
∆ .(23)
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Proof of Lemma 5.7. Let n = #(G\Γ1(K)). Since #(G\Γ2(K)) = 1, every point in #Γ2(K)
has exactly δ preimages in Γ1(K). Each orbit of Gr Γ1(K) contains at least one preimage
of each point of Γ2(K), so n ≤ δ. Similarly, for each p ∈ S ∪ Σ∞, we have #(Gp\Γ1(K)) ≤
δ#(Gp\Γ2(K)). Adding rankGm(R) = −1 +

∑
p∈S∪Σ∞

1 to the formula from Lemma 2.4
gives

rank J1(R) + rankGm(R) + n =
∑

p∈S∪Σ∞

#(Gp\Γ1(K)) , and(24)

rank J2(R) + rankGm(R) + 1 =
∑

p∈S∪Σ∞

#(Gp\Γ2(K)) .(25)

Subtracting δ times (25) from (24) gives

(δ − (δ − 1)) rank J1(R)− δ rank J2(R)− (δ − 1) rankGm(R)− (δ − n) ≤ 0 .

Since n ≥ 1, the inequality is true after replacing n with 1. Rearranging gives

rank J1(R)− rank J2(R) ≤ δ − 1

δ
(rank J1(R) + rankGm(R) + 1) .(26)

We also compute

dim J1 − dim J2 = (#Γ1(K)− 1)− (#Γ2(K)− 1) =
δ − 1

δ
#Γ1(K) .(27)

Subtracting (26) from [K : Q] times (27), we conclude that (23) holds. �

After unpacking some definitions, Theorem 3.8 is almost a corollary of Theorem 5.6 and
Lemma 5.7.

Proof of Theorem 3.8. Suppose that T is an n-BCP torus for Xα,q. Choose R′i, Xi, and Ti
and define δi as in Lemma 5.1.

If n = 0 so that (Xα,q, T ) = (X0, T0) or if n = 1 and (Xα,q, T ) is a BC-successor of (X0, T0)
for X0/R

′
0 then in the notation of Theorem 5.6, we have R′ = R′0 and T0 = ResR′0/R0

JXα,q .
Applying Theorem 5.6, we have

rankT0(R0) ≤
(

[K ′0 : Q]− 1

2
+ ε

)
(q − 2) ,

dimT0 ≥ [K ′0 : Q](q − 2) .

Choosing any ε < 1/2 and q sufficiently large, we may arrange that
n∑
i=0

max(0, δi) ≥ δ0 ≥
(

1

2
− ε
)

(q − 2) ≥ [K ′0 : Q] ≥ dim(T ∩ j(ResR/R0 X)) .

Thus, T is not a BCP obstruction for RoS Chabauty applied to Xα,q.
Otherwise, we may write (Xα,q, T ) as a BC-successor of some (Xn−1, Tn−1) (possibly equal

to (Xα,q, T )) which is a P-successor of some (Xn−2, Tn−2) (and where Xn−1 → Xn−2 is not
an isomorphism.) For ease of notation, say Xn−1 and Xn−2 are defined over R′, the ring of
S-integers in K ′.

By Theorem 5.6, taking ε < 1/4 and q sufficiently large, we may assume

rank Jn−1(R′) ≤
(

[K ′ : Q]− 1

2
+ ε

)
(q − 2) ≤

(
[K ′ : Q]− 1

4

)
q − rankGm(R′)− 1 .
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In particular,

[K ′ : Q]q − (rank Jn−1(R′) + rankGm(R′) + 1) ≥ q

4
.

By construction, the punctures of Xn−1 form a single Gal(K ′/K ′)-orbit so the same is
true of Xn−2. We claim that the number of punctures of Xn−1(K ′) and Xn−2(K ′) cannot be
equal. If they were, then the map Xn−1 → Xn−2 would be totally ramified at every puncture.
But by the Riemann-Hurwitz formula, a map between genus zero curves is totally ramified
at at most 2 points. Applying Lemma 5.7, we have δ ≥ 2 and so

[K ′ : Q](dim Jn−1 − dim Jn−2)− (rank Jn−1(R′)− rank Jn−2(R′)) ≥
(
δ − 1

δ

)
q

4
≥ q

8
.

Taking q sufficiently large, we may arrange that
n∑
i=0

max(0, δi) ≥ δn−1 ≥
q

8
≥ [K : Q] = dim j(ResR/R0 Xα,q) ≥ dim T ∩ j(ResR/R0 X) .

Again, we see that T is not a BCP obstruction for RoS Chabauty applied to Xα,q. �

6. No subgroup obstructions to RoS Chabauty for P1 r {x : xq − α = 0}

Let q be a prime number. For any α ∈ R× which is not a qth power in the Galois closure
of K, let mα,q = {x : xq − α = 0} and let Γα,q be the closure of the support of mα,q in P1

R.
In this section, we show that when q is sufficiently large, there are no subgroup ob-

structions to RoS Chabauty for P1
R r Γα,q, thereby providing evidence that the set (P1

R r
Γα,q)(OK ⊗Zp)S,1 of p-adic points cut out by RoS Chabauty is finite. Our main goal is to
prove Theorem 3.9.

Our strategy leverages the fact that the Galois group of the Galois closure of K[ q
√
α] is

non-abelian. We will use the representation theory of a copy of Z/qZ o Z/2Z inside of this
Galois group to control the rankT (R0) when T is a subtorus of the restriction of scalars of
the generalized Jacobian of P1

R r Γα,q .

Lemma 6.1. Let K be a number field with Galois closure L and let q be an odd prime.
Fix any α ∈ OK such that xq − α = 0 has no solutions in L. Let T/Z be a subtorus of
the Néron model of ResK[ q

√
α]/QGm/ResK/Q Gm. Then, dimT is a multiple of q − 1 and

rankT (Z) = 1
2

dim(T ).

Proof. Let L′ = L[ q
√
α, ζq] be the Galois closure of L[ q

√
α]. Let X(T ) = HomL′(T,Gm) be

the character lattice of T and let χT be the associated complex representation of Gal(L′/Q).
We will study T by considering χT restricted to certain subgroups of Gal(L′/Q).

To begin, note that Gal(L′/Q) = (Z/qZ) o Gal(L[ζq]/Q). The normal subgroup Z/qZ ⊂
Gal(L′/Q) acts on the character lattice of ResK[ q

√
α]/Q Gm as [K : Q] copies of the reg-

ular representation and acts trivially on the [K : Q]-dimensional subspace correspond-
ing to the character lattice of ResK/QGm. Since we quotient by this subspace we have,

(X(T ))Gal(L′/Q) = {0}. Since T is defined over Q, the non-trivial characters of Z/qZ all
appear to the same multiplicity in X(T )C, whence dimT is a multiple of q − 1.

Let H ⊂ Gal(L′/Q) be the stabilizer of any of the complex places of L′ under the natural
action of Gal(L′/Q) on its infinite places. The group H is abstractly isomorphic to Z/2Z and
the representation of Gal(L′/Q) on the space of formal linear combinations of infinite places

of L′ is Ind
Gal(L′/Q)
H 1. Arguing as in the proof of Lemma 4.1 and using the fact that T is
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anisotropic for the first equality and applying Frobenius reciprocity for the second equality,
we have

rankT (Z) =
〈
χT , Ind

Gal(L′/Q)
H 1

〉
Gal(L′/Q)

=
〈

Res
Gal(L′/Q)
H χT ,1

〉
H
.

So, the rank of T (Z) is equal to the multiplicity of the trivial representation in the restriction
of χT to H. To study this multiplicity, we first restrict χT to a representation of Z/qZoH ⊂
Gal(L′/Q). Note that this semidirect product is not a direct product.

The irreducible representations of Z/qZ o Z/2Z consist of two 1-dimensional representa-
tions in which Z/qZ acts trivially and (q−1)/2 different 2-dimensional representations. Each

2-dimensional representation has the form Ind
Z/qZoZ/2Z
Z/qZ χ for some nontrivial character χ of

Z/qZ which depends on the representation. The restrictions of these 2-dimensional charac-
ters to H break up as a sum of the trivial character and the unique non-trivial character of
H.

Now, we have already seen that the fixed subspace (χT )Z/qZ is trivial, so after restricting to
Z/qZ oH, the space χT decomposes as a sum of 2-dimensional irreducible representations.
By the discussion in the previous paragraph, upon further restricting χT to H, it decomposes
into an equal number of copies of the trivial representation and the non-trivial representation.
We conclude that rankT (Z) = 1

2
dim(T ). �

Lemma 6.2. Let K be a number field and let S be a finite set of finite places. For any
ε > 0, there exists C ∈ R such that for all primes q > C the following holds:

Fix any α ∈ R such that α is not a qth power in R. Let T/Z be a subtorus of the Néron
model of ResK[ q

√
α]/Q Gm/ResK/Q Gm. Then, rankT (R0) ≤

(
1
2

+ ε
)

dim(T ).

Proof. Let L be the Galois closure of K. For q large enough, the qth powers in L and K are
the same, so we may assume α is not a qth power in L.

By the same argument as in the proof of Lemma 6.1, the contribution of the infinite places
to rank(T (R0)) is 1

2
dimT , so it suffices to consider the contribution of the finite places.

Let S ′ be the set of primes of K[ q
√
α] above S and let R′ = OK[ q

√
α],S′ . Since T is a

subtorus of the Néron model of ResK[ q
√
α]/Q Gm/ResK/Q Gm, this contribution is bounded by

the contribution of the finite places to the rank of O×
K[ q
√
α],S′

/O×K,S. So, we have

rankT (R0)− rankT (Z) ≤ 1

2
dim(T ) + rankO×

K[ q
√
α],S′
− rankO×

K[ q
√
α]
− rankO×K,S + rankO×K

=
1

2
dim(T ) + #S ′ −#S .

Now, for any prime p ∈ S. Let κp be the residue field of Kp. Let ap = [κp(ζq) : κp]. Then,
ap is the order of #κp in (Z/qZ)×, so

ap ≥
⌈

ln(q − 1)

ln(#κp)

⌉
.

For a finite place p of K lying above q, there is a single prime of K( q
√
α) above p. For a

finite place p of K not lying over q,

#{primes P of K( q
√
α) above p} =

{
1, if α /∈ κ×qp ,

1 + (q − 1)/ap, otherwise .

In particular, as q → ∞, the total number of primes of K( q
√
α) is O(q/ log q), where the

implicit constant depends only on the residue fields of the primes in S. �
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Proof of Theorem 3.9. Let ε = 1/4 and choose q greater than both 4[K : Q] and the resulting
constant C in Lemma 6.2. The generalized Jacobian Jα,q of Xα,q is the Néron model of
ResK[ q

√
α]/QGm/ResK/Q Gm.

Applying Lemma 6.2, we see that for any subtorus T ⊂ Jα,q we have rankT (R0) < 3
4

dimT .

In particular, dimT (R0) < 3
4

dimT . Since dimT is a multiple of q − 1 by Lemma 6.1, we
have

dimT − T (R0) >
1

4
dimT ≥ 1

4
(q − 1) .

On the other hand, for any translate of T , we have

dim((x · T ) ∩ j(ResR/R0 Xα,q)) ≤ dim j(ResR/R0 Xα,q)) = [K : Q] .

Since q ≥ 4[K : Q] + 1, the result follows. �
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